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Section 1 Markov random field (MRF) model

MRF: a network random variables at nodes and probability
distributions on the edges
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Section 1 Markov random field (MRF) model

Nodes: discrete and continuous random variables

I Z (s, t) ∈ {0, 1} indicating low and high rainfall states at location s
on day t

I U(t) ∈ {1, . . . , L}: integer valued; indicates the membership of the
day t to a cluster of days with cluster label U(t)

I V (s) ∈ {1, . . . ,K}: integer valued; indicates the membership of the
location s to a cluster of locations with cluster label V (s)

I X (s, t): real-valued continuous random variable indicating the rainfall
at location s on day t
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Section 1 Markov random field (MRF) model

We study the conditional distribution p(Z ,U ,V |X = x)

I MRF model defined by the dependency structure between the nodes
as given by the edges of the graph

I Edge potentials associated with the edges define the joint probability
distribution p(Z ,U,V ,X )

I The available rainfall data x(s, t) for s = 1, . . . ,S and t = 1, . . . ,D is
a specific realization X = x on which to condition the probability
distribution of other three variables Z ,U,V

I The central inference step involves sampling from the conditional
distribution p(Z ,U,V |X = x). We use Gibbs sampling algorithm.

Patterns are obtained by averaging over clusters

φu(s) = meant (x(s, t) : U(t) = u) ,

φdu(s) = modet (Z (s, t) : U(t) = u)

These S-dimensional vectors are the spatial patterns.
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a specific realization X = x on which to condition the probability
distribution of other three variables Z ,U,V

I The central inference step involves sampling from the conditional
distribution p(Z ,U,V |X = x). We use Gibbs sampling algorithm.

Patterns are obtained by averaging over clusters

θu(t) = means (x(s, t) : V (s) = v) ,

θdu (t) = modes (Z (s, t) : V (s) = v)

These D-dimensional vectors are the temporal patterns.
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Section 1 Markov random field (MRF) model

“Edge potentials” define an MRF

In a undirected graph (V ,E )

I If v , u ∈ V are connected by an edge, then define a “edge potential”
ψ(u, v), which is a probability distribution

I The probability distribution of the nodes is just a product of all edge
potentials: p(V ) ∝

∏
e∈E ψ(e)

Main idea: the edge potentials can be used to “encode” domain
knowledge: for example

I for the variables Z : threshold for high/low rainfall in terms of the
mean of the edge potential

I for clustering variables U: how well the spatial patterns align with the
pattern for each day
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Section 1 Markov random field (MRF) model

Edge potentials define “inter-dependency” of these
variables

I Edges between Z and X are Gamma distributions:

ψDZ (Z (s, t) = z ,X (s, t)) = (X (s, t))αsz−1 exp (−βszX (s, t)) .(1)

I The parameters α, β are inferred as part of the modeling process

I Edges between U,V and Z variables are exponential distributions:

ψSS(Z (s, t),U(t)) = exp
(
η 1{Z(s,t)=φd (s,U(t))}

)
,

ψST (Z (s, t),V (s)) = exp
(
ζ 1{Z(s,t)=θd (V (s),t)}

)
.

I The parameters η and ζ are “control parameters” in the model

I The edges between the Z -variables at different spatio-temporal
locations are used to “control” the spatial coherence of the patterns.
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Section 1 Markov random field (MRF) model

Summary so far

MRF model consisting of:

I Discrete random variables Z ,U,V , in order to obtain a “coarse”
picture of the monsoon rainfall

I Probabilistic model to incorporate “domain knowledge” in terms of
probability distributions for these variables

I Inference in terms of conditional distribution conditioned on observed
rainfall data

Main aims of the MRF model

I Clustering of locations and of days, in order to identify

I Dominant patterns in monsoon rainfall data (“model reduction”
analogous to techniques such as EOF)
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Section 2 Results: prominent spatial patterns

We find 10 prominent patterns

Discrete variable Z
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Section 2 Results: prominent spatial patterns

We find 10 prominent patterns

Continuous variable X (rainfall)
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Section 2 Results: prominent spatial patterns

Other methods for clustering / pattern

I K-means and spectral clustering: two commonly used algorithms that
find clusters in the “data space” (i.e., directly working with the
rainfall data x(s, t))

I Again, for each cluster, we can associate spatial patterns

I EOF: finding the most significant singular vectors to represent the
data: naturally gives patterns in data, but not clustering
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Section 2 Results: prominent spatial patterns

Patterns obtained by MRF are more spatially coherent and
more representative

Ten patterns from MRF
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Section 2 Results: prominent spatial patterns

Patterns obtained by MRF are more spatially coherent and
more representative

Ten patterns from K-means
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Section 2 Results: prominent spatial patterns

Patterns obtained by MRF are more spatially coherent and
more representative

Ten patterns from spectral clustering
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Section 2 Results: prominent spatial patterns

Patterns obtained by MRF are more spatially coherent and
more representative

Ten patterns from EOF
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Section 2 Results: prominent spatial patterns

MRF patterns are representative and coherent
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Section 2 Results: prominent spatial patterns

Dynamics of these patterns

Different patterns are associated to different periods of the monsoon
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Section 2 Results: prominent spatial patterns

Dynamics of these patterns

We also consider a Markov chain of these patterns: if day N is in pattern
U (y-axis), what is the probability that day N + 1 is in pattern U ′ (x-axis)?
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Section 2 Results: prominent spatial patterns

Dynamics of these patterns

Some transitions appear very frequently
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Section 2 Results: prominent spatial patterns

Dynamics of these patterns

Summary: we construct a stochastic dynamics over the 10 patterns
presented earlier, with the following properties:

Different patterns are associated to different periods
of the monsoon

The transition matrix is dominated by the diagonal
=⇒ temporal coherence / continuity

Some transitions appear very frequently.
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Section 3 Discussion

Avenues for further exploration

I Multi-variable studies: some promising results already; extension to
include vertical velocities, etc.

I For example, to model OLR and rainfall: discrete variable Z now takes
four values: low/high rainfall and low/high OLR. (Recall, there is no
predetermined threshold but rather probabilistically estimated by the
model.)

I One difficulty: need to define edge potentials connecting the OLR
nodes to rainfall nodes: currently there are no explicit links

I Further study of the Markov dynamics of the patterns

I “Simple” dynamical models that mimic the clustering and patterns
obtained from the MRF model of data

I Physical interpretation that may be useful to improve the global
circulation models
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